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Based on the self-consistent T-matrix approximation (SCTMA), analytical theory of density of
states (DOS) in three-dimensional quantum magnets with the bond disorder is proposed. It suc-
cessfully describes DOS in both cases of resonant and non-resonant scattering which appearance is
governed by the ratio of scattering length and the average distance between impurities. Corrections
to the quasiparticles band gap in these cases are shown to be ∝ c2/3 and ∝ c, respectively. More-
over, the theory yields a semi-circle form of DOS for the bound states inside the gap which results
in highly nontrivial DOS in the intermediate parameters region between two limiting cases when
the band DOS and the semi-circle are overlapped. Applicability of the theory is illustrated by a
quantitative description of the recent experimental data on spin-dimer system Ba3−xSrxCr2O8.
PACS numbers:
I. INTRODUCTION
Quantum magnets are among most extensively studied
both theoretically and experimentally compounds of the
last several decades (see Ref.1 and references therein).
In particular, they allow to investigate quantum phase
transitions2 establish themselves as very convenient for
such purposes systems3. Moreover, disorder in magnetic
insulators can be introduced in more or less control-
lable way, which allows studying so-called “dirty-boson”
physics(see Ref.4 and references therein). Notably, in
bromine doped Dichlorotetrakis-thiourea nickel (DTN)
such elusive phase as Bose-glass5 was observed experi-
mentally6. Moreover, it was proven that in systems with
quenched disorder glassy phase should always intervene
in the direct Mott insulator - superfluid transition7. The
problem of phase transitions to glassy phases is scruti-
nized theoretically in many papers (see, e.g., Refs.5,8–12).
Bond disorder in magnetic insulators can be intro-
duced by replacing some atoms involved into superex-
change paths6,13–15. It results in change of corresponding
magnetic interaction constants16. The advantage of this
method is a possibility to control impurities concentra-
tion in a specimen, which is important for studying pe-
culiar predictions of dirty-boson physics4. For instance,
as it was shown in Ref.17, in Br doped DTN with high
concentration of dopants (≈ 21%) gapped Mott insulator
phase vanishes. Importantly, bond disorder prepared fol-
lowing the described method should be kind of the binary
one rather than continuously distributed.
Recently a theoretical description of the binary disor-
der influence on the elementary excitations in quantum
magnets was proposed18. It was based on conventional
T-matrix method19,20 and for 3D systems yields correc-
tion proportional to impurity concentration c for the sys-
tem gap and the damping ∝ c and momentum distance
to the spectrum minimum k0. This theory can be used
for experimental data description. However, those result
are inapplicable in the range of parameters providing so-
called resonance scattering (in the vicinity of the thresh-
old of bound state on impurity appearance).
In the present paper we propose a theory which is ca-
pable to describe both resonant and non-resonant scat-
tering regimes. It is based on the self-consistent T-matrix
approximation (SCTMA) (see, e.g., Refs.12,21,22) which
establish itself as a powerful method, although, its results
can be usually a subject of further corrections23.
We observe that the system density of states (DOS)
and, correspondingly, the gap behaviour is drastically dif-
ferent with predictions of standard T-matrix approach18
when the scattering on impurities is close to the resonant
one. Moreover, we show that the results are governed by
the ratio of scattering length and mean distance between
defects ∝ c−1/3. When this ratio is large correction to the
system gap is ∝ c2/3 while in the opposite case conven-
tional ∝ c behaviour restored. For large enough disorder
strengths SCTMA also yields semi-circle law for bound
state on impurity DOS with broadening being ∝ c1/2
(c.f. with the theory of electrons Landau levels broaden-
ing24). In the intermediate parameters region the semi-
circle and band DOS start to overlap which results in
highly non-trivial DOS. Finally, we successfully describe
experimental findings of Ref.25 for gap renormalization
in spin-dimer system Ba3−xSrxCr2O8.
The rest of the paper is organized as follows. In Sec-
tion II we briefly discuss spin-dimer systems with bond
disorder and its treatment using T-matrix method. Sec-
tion III is devoted to the self-consistent T-matrix ap-
proach technique for system density of states calculations
in quantum magnets with diagonal disorder. We intro-
duce important spatial scales of the problem and present
simple results in limiting cases. In Section IV we ap-
ply the developed theory to the experimental data for
Ba3−xSrxCr2O8. Section V contains summary of the re-
ar
X
iv
:2
00
5.
04
43
8v
1 
 [c
on
d-
ma
t.s
tr-
el]
  9
 M
ay
 20
20
2sults. Cumbersome solutions of the cubic SCTMA equa-
tion can be found in Appendix.
II. BASIC FORMALISM
A. Triplon spectra and bond disorder in
spin-dimer systems
As an example of systems for which our analysis is
applicable we consider spin-dimer systems. In this sub-
section we briefly remind their basic properties and in-
troduce disorder.
Heisenberg Hamiltonian of spin-dimer systems has the
standard form3:
H0 =
∑
i
J0Si,1 · Si,2 +
∑
〈i,j〉
Jij (Si,1 · Sj,1 + Si,2 · Sj,2) ,
(1)
where i and j are the neighboring dimers, J0 and Jij
are intra- and inter- dimer exchange couplings, respec-
tively, usually J0  |Jij | is assumed. Moreover, we write
the interdimer interaction in the simplest form because
it does not affect the results below (see, however, Ref.26).
We also do not consider external magnetic field H which
effect in the gapped phase is the simple shift of triplon
spectra ±gµBH (see e.g. Ref.3 and references therein).
One can introduce three pairs of bosonic operators de-
scribing creation and annihilation of the triplons27,28,
a|0〉 = b|0〉 = c|0〉 = 0, a+|0〉 = | ↑↑〉, b+|0〉 = | ↓↓〉,
and c+|0〉 = 1√
2
(| ↑↓〉+ | ↓↑〉). At zero external magnetic
fields the spectrum of the triplons is threefold degenerate.
In the calculations below we shall use the RPA one29,
εk =
√
J20 + J0Jk. (2)
Here Jk is Fourier transform of interdimer interactions,
and momenta k are taken dimensionless (lattice param-
eters are put to be equal to one). So, minimum point
of this spectrum in spin-dimer compounds usually reads
k0 = (pi, pi, pi).
Next, lets introduce binary bond disorder to the sys-
tem above. In particular, we will treat the system with
some amount of different intradimer couplings measured
by their dimensionless concentration c. So, the Hamilto-
nian now reads
H = H0 + V, (3)
where perturbation V is due to the disorder and
V =
∑
{n}
uSn,1 · Sn,2. (4)
Here u measures deviation of J0 on imperfect bonds,
which are denoted by {n}. In the bosonic form18
V = u
∑
{n}
a+n an, (5)
and the same contributions for other triplon branches.
We notice that in the linear spin waves theory triplons in-
teraction is negligible, so we can treat one certain triplon
branch.
Diagonal type of disorder (5) can be also introduced
to other quantum magnets, e.g., antiferromagnets with
large single-ion easy-plane anisotropy, see Ref.18.
B. T-matrix
At small impurities concentration c  1 standard T-
matrix method19,20 can be utilized for calculations of
triplon spectrum corrections due to the scattering on de-
fects (see Ref.18 for the details). Here we briefly remind
basic ideas.
T-matrix approach is based on exact solution of one
impurity problem which can be simply expressed via
quasiparticle Green’s function
G−1(ω,k) = ω − εk − T (ω,k), (6)
where in case of disorder only in intradimer couplings
averaged over disorder configurations T (ω) reads
T (ω) =
cu
1− u ∫ d3q(2pi)3G0(ω,q) . (7)
Here G0(ω,k) is bare Green’s function,
G0(ω,k) = (ω − εk − i0)−1 . (8)
Then, corrections to quasiparticles energy and damping
have the form:
Ek = εk + ReT (εk), γk = ImT (εk). (9)
In 3D case the integral in Eq. (7) is convergent for every
ω. In the vicinity of the spectrum (2) minimum it gives
finite correction to the gap value and linear in momentum
damping of triplons18.
In order to have some preliminary insights for subse-
quent SCTMA calculations it is instructive to perform
simple analysis for “Debye-type” model of triplon spec-
tra with spherical Brillouin zone characterized by a single
parameter kD of the order of unity. Simplified dispersion
near its minimum reads
εk = ∆0 + αk
2, (10)
where k is a deviation of momentum from k0. Then, one
can easily calculate the integral in Eq. (7) and obtain
− 1
2pi2α
[
kD −
∫ kD
0
dq
(∆0 − ω)/α
q2 + (∆0 − ω)/α
]
≈
− 1
4piα
[
k′D −
√
∆0 − ω
α
]
, (11)
provided that condition |∆0 − ω|/α 1 is satisfied. We
also introduce k′D = kD/(pi/2) ∼ 1. Notice that for any
3realistic model approximation (10) essentially fails near
the Brillouin zone boundary and the constant k′D from
the upper limit of integration should not be treated very
seriously, although it can be calculated numerically for
each particular gapped spectrum (2).
Next, using Eq. (11) we can derive spectrum correc-
tion (9). Renormalized gap and damping are given by
(cf. Ref.18)
∆ = ∆0 +
cu
1 +
u
4piα
k′D
, γk =
cu(
1 +
u
4piα
k′D
)2 k. (12)
However, if the denominator in the these formulas is
small, correction to the gap value and quasiparticle
damping become very large and the conventional T-
matrix approach is inapplicable. This is a manifest of a
resonant scattering regime, which can be observed when
the parameter
b ≡ k′D +
4piα
u
(13)
is close to zero. Importantly, parameter b provides spa-
tial scale for the theory — scattering length equal to 1/b,
which becomes very large in the resonant regime and is
of the order of lattice parameter in the non-resonant one.
Moreover, using this quantity it is easy to analyze a pos-
sibility of bound states on impurities appearance. The
bound state energy is given by the pole of the T-matrix,
which yields
ωloc = ∆0 − αb2 (14)
for k′D  b > 0. It corresponds to negative u satisfy-
ing condition |u| > 4piα/k′D, positive u being unable to
produce the bound state with energy inside the gap.
In order to cure the problem with resonant scattering
we propose a theory based on the self-consistent T-matrix
approximation (SCTMA). If one puts G(ω,q) instead
of G0(ω,q) in the integral in Eq. (7), then it becomes
an equation for T (ω). SCTMA was successfully used in
gapped magnets in Ref.12 for determining the correlation
length (or gap value) of disordered system in the exter-
nal magnetic field and for description of the transition to
Bose-glass phase.
III. SELF-CONSISTENT T-MATRIX
APPROXIMATION
In the present case of diagonal disorder general equa-
tion of self-consistency reads
T (ω) =
cu
1− u ∫ d3q(2pi)3 [ω − εk − T (ω)]−1 . (15)
Using similar to (11) trick it can be rewritten as
T (ω) =
cu
1 + u4piα
[
k′D −
√
∆0−ω+T (ω)
α
] . (16)
y
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FIG. 1: Graphic solution of Eq. (18) for b = 0 and c˜ = 0.1.
Solid black line is y = c˜2, dashed blue curve stands for f(t)
(see Eq. (22)) at x = 0.45, dotted red one is the same for
x = 0.35, gray line is a guide for eyes. Evidently smaller x
yield two complex conjugate solutions t which provide nonzero
density of states at the corresponding frequencies.
Notice, that quasiparticles density of states (DOS) is pro-
portional to integral in Eq. (15). So, it reads
ρ(ω) =
1
4pi2α
Im
√
∆0 − ω + T (ω)
α
. (17)
Importantly, the condition for DOS to be nonzero coin-
cides with ImT (ω) 6= 0 (see Eq. (16)).
In order to simplify notation we introduce new variable
x = (∆0 − ω)/α, dimensionless T-matrix t(x) ≡ T (x)/α,
impurities concentration-dependent quantity c˜ = 4pic,
and we use the parameter b defined in Eq. (13). Then, af-
ter simple transformations one can write cubic equation
for t:
t3 + t2(x− b2) + 2tbc˜− c˜2 = 0. (18)
This equation can be solved analytically using Cardano’s
formula (see Appendix for details), however correspond-
ing solutions are cumbersome, and their physical mean-
ing is obscure. So, we start our analysis with several lim-
iting cases and discuss intermediate parameters region in
the end of this Section. Importantly, limiting cases cor-
respond to small and big ratios between scattering length
scale 1/b and mean distance between impurities c−1/3.
1. b = 0
If b = 0 (exact resonance condition, see Eq. (12)), then
the analysis of Eq. (18) significantly simplifies. It can be
performed graphically. We introduce the function with
very simple behaviour
f(t) = t3 + xt2, (19)
real solutions are given by cut of its plot by y = c˜2 line,
see Fig. 1. Evidently for x ≤ 0 there is always one real
4solution and two complex conjugate, with nonzero imagi-
nary part. One of the latter is physical providing nonzero
density of states in this region, namely, ω > ∆0. In
contrast, for large enough x > 0 solutions with nonzero
imaginary part disappear. This phenomenon is governed
by the local maximum in f(t) at t = −2x/3, so when
f(−2x/3) = 4
27
x3 > c˜2 ⇔ x > 3
(
c˜
2
)2/3
(20)
all three solutions are real and ρ(x) = 0. This condition
defines renormalized gap value which reads
x0 = 3
(
c˜
2
)2/3
⇔ ∆ = ∆0 − 3α (2pic)2/3 . (21)
We report here unusual gap dependence on the impurity
concentration, which is the result of the self-consistency.
Next, using solutions presented in Appendix one can
show that close to the gap (x = x0 − δx with δx  x0)
DOS is proportional to
√
δx ∝ √ω −∆ as in pure com-
pound, see dashed blue curve in Fig. 2.
2. |b|  c˜1/3
Based on the solution for b = 0 one can show that
the resonant regime governs system behaviour at |b| 
c˜1/3. At frequencies near the gap, which we are mostly
interested in, t and x are of the order of c˜2/3. Thus, terms
with b in Eq. (18) can be treated as small perturbations.
It is convenient to introduce x˜ = x− b2 and denote
f(t) = t3 + x˜t2 + 2tbc˜, (22)
the last term being small correction. Once again analyz-
ing the local maximum of this function and comparing
it with c˜2 one obtains perturbative correction to x0 of
D
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FIG. 2: Density of states of the system (we take α = 1, c˜ =
0.01) at different b values corresponding to resonant scattering
regime |b|  c˜1/3. Solid black line illustrates pure system
DOS.
Eq. (21),
x0 = 3
(
c˜
2
)2/3
+ 22/3bc˜1/3, (23)
and thus also small correction to the gap value (21). DOS
in this case is shown for c˜ = 0.01, b = ±0.05 in Fig. 2,
it has the same form as the one for b = 0. We notice,
that the gap values corresponding to curves shown in
this figure for disordered system are well described by
Eq. (23).
Importantly, even for b > 0 in this regime separated
bound states with frequency (14) do not appear. The
physical reason is that scattering length in this case is
much larger than the mean distance between defects, and
possible in one impurity problem bound states are trans-
formed into extended bulk modes.
3. |b|  c˜1/3
Here we will consider b as a big parameter for Eq. (18),
which can be rewritten in the form
t3 + t2x
b2
=
(
t− c˜
b
)2
. (24)
In this form it can be treated perturbatively using t =
c˜/b+ δt ansatz. This yields
t ≈ c˜
b
(
1 +
√
c˜
b
+ x
)
. (25)
It results in the following gap renormalization:
∆ = ∆0 + 4piα
c
b
, (26)
which is evidently the same with the one obtained within
conventional T-matrix approximation, see Eq. (12). DOS
is proportional to
√
ω −∆, see solid black curve in
Fig. 3). The latter is drawn for α = 1, c˜ = 0.01, b = −1,
gap value is given with high accuracy by Eq. (26).
However, if k′D  b  c˜1/3 (it can be satisfied only
in case of large enough negative u being able to provide
bound states inside the gap) other type of the solution
exists. In Eq. (18) we can introduce small parameter
δx = x − b2, which describes how close is the frequency
to the energy of localized on impurity state. It can be
shown that in this region if Im t 6= 0 then |t|, x ∼ √c˜, and
c˜2 in (18) is negligible. So, its solution is straightforward,
and
t =
√
δx2 − 8bc˜− δx
2
. (27)
It gives famous (see, e.g., the theory of electron lines
broadening on Landau levels24) semi-circle form of the
isolated level spectral weight with the center at ωloc (see
Eq. (14)) and “radius” ∆ω = α
√
32pibc which is much
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FIG. 3: Different ratios of b and c˜1/3parameters (or, in other
words, scattering length 1/b and average distance between im-
purities c−1/3) lead to various form of the system DOS. Large
negative b values (small negative disorder strengths) give only
small correction to the band gap (solid black curve). When
b changes from negative to positive values throughout reso-
nance region (|b|  c˜1/3) DOS develops a feature connected
with two parts of the spectrum - bound on impurities states
and quasiparticles in the band. This peculiarity is most pro-
nounced when b . 3c˜1/3/2 (dotted magenta and short-dashed
red curve) in full agreement with the analytic solution. At
larger b bound states DOS is separated from the band one
(dot-dashed green curve). Parameters α = 1, c˜ = 0.01 were
used.
smaller than the distance to the quasiparticle band ∆−
ωloc ≈ αb2. Explicitly,
ρ(ω) ∝
√
32pibc−
(
b2 − ∆0 − ω
α
)2
. (28)
This semi-circle law for DOS is a sign that the isolated
level is broadened independently from other levels in con-
tinuum. However, in the present case in spite of u < 0 the
correction to band gap ∆0 is positive due to a repulsion
between this two parts of the spectrum, see dot-dashed
green curve in Fig. 3. We point out, that the band gap
in this case can be calculated using Eq. (26).
4. b ∼ c˜1/3
It is seen from Eqs. (14), (26) and (27) that if one
starts changing b from b  c˜1/3 limit towards b ∼ c˜1/3
two parts of spectrum,namely, the band and bound on
impurities states, become close to each other, and some
kind of “interaction” between them appears. It results in
the deformation of semi-circle as it is shown in Fig. 3 by
dot-dashed green curve. At further lowering of b densi-
ties of states for isolated level and the band are essentially
overlapped, which makes system DOS much more com-
plicated (see Fig. 3, short-dashed red, dotted magenta,
and long-dashed blue curves).
The boundary between regimes of single overlapped
DOS and the one with separated semi-circle can be found
analytically. Corresponding cumbersome equations are
presented in Appendix, they yield b = 3c˜1/3/2 curve di-
viding the regimes in the parameters space (c˜, b). How-
ever, for b & 3c˜1/3/2 we report that the band gap value
can still be estimated using Eq. (26) and the lower bound-
ary of semi-circle is given by ωloc−∆ω with high accuracy.
IV. APPLICATION TO Ba3-xSrxCr2O8
We adapt the model above to describe properties of
Ba3−xSrxCr2O8 compound with small concentration of
barium. In pure Sr3Cr2O8 J0 ≈ 5.55 meV and the short-
est distance between magnetic Cr ions is 3.76A˚, whereas
in Ba3Cr2O8 J0 ≈ 2.38 meV and the distance is 3.96A˚15.
Evidently barium ions makes the distance between mag-
netic ions larger. So, it is quite natural that small amount
of barium ions result in weakening of neighboring in-
tradimer couplings.
In order to describe experimentally observed gap renor-
malization in Ba0.1Sr2.9Cr2O8
25 we assume that in av-
erage there are c = 1/30 × 3 = 0.1 unit cells with
u = (2.38 − 5.55)/3 ≈ −1.06 meV. Small deviations
in interdimer couplings are neglected; we borrow the fol-
lowing parameters from Ref.30 (all values are in meV):
J ′1 = −0.04, J ′′1 = 0.24, J ′′′1 = 0.25, J ′2 = 0.75,
J ′′2 = −0.54, J ′′′2 = −0.12. Corresponding equation for
J(q) reads
Jk = J
′
1 cos kc + J
′′
1 cos (kc − ka) + J ′′′1 cos (kc − ka − kb)
+J ′2 cos ka + J
′′
2 cos kb + J
′′′
2 cos (ka + kb), (29)
where momenta components are written for monoclinic
elementary cell with one dimer. Below we use simple
RPA spectrum (2) neglecting triplon-triplon interaction
which can be treated using perturbation theory (see, e.g.,
Ref.26).
The theory of Sec. III is not directly applicable in this
case because the spectrum is highly anisotropic near its
minimum k0, εk ≈ ∆0 + A1k21 + A2k22 + A3k23, ∆0 =
3.451 meV, A1 = 3.41499 meV, A2 = 0.740279 meV,
A3 = 0.31128 meV. Nevertheless, we can express the
equation of SCTMA in the familiar form (16) and, con-
sequently, (18), if the following observation is used:∫
d3q
(2pi)3
(εk −∆0 + [T (ω)− ω + ∆0])−1
≈ C1 − C2
√
T (ω)− ω + ∆0 (30)
with high accuracy if the imaginary part of√
T (ω)− ω + ∆0 is negligible (c.f. Eq. (11)), C1 ≈ 0.67
and C2 ≈ 0.3. So, Eq. (30) is applicable for analysis of
the gap renormalization, and the theory presented above
can be used after we write SCTMA equation in the form
T (ω) =
c˜
b−√T (ω) + x, (31)
with c˜ = c/C2 ≈ 0.34 and b = (1/u + C1)/C2 ≈ −0.94.
The last equality shows that we are approximately in the
6regime of |b| ≈ 3c˜1/3/2 without bound states inside the
gap. Then, the solution for T is given by Eq. (25). One
obtains in this case
∆ = ∆0 +
c˜
b
≈ 3.1 K. (32)
We notice, that exact solution of cubic equation (see Ap-
pendix) yields close value ∆ ≈ 3.125 K.
Both results for gap renormalization lies in a
good agreement with experimental observation ∆ ≈
3.174 meV which was made using inelastic neutron scat-
tering in Ref.25.
V. SUMMARY
To conclude, we developed a theory describing mag-
netic excitations in gapped phases of quantum magnets
with bond disorder characterized by parameter u (e.g.,
it is difference between intradimer coupling on the defect
bond and on the regular one in spin-dimer compounds).
Using self-consistent T-matrix approximation we discuss
quasiparticles gap renormalization and (if exist) broad-
ening of the localized on impurity states.
For positive or small negative u the results are rather
trivial. The correction to the gap is proportional to im-
purities concentration c (see Eq. (26)) and has the same
sign with u. However, when u tends to the threshold
value for bound on impurities states appearance the sit-
uation drastically changes. This regime is governed by
the resonant scattering off impurities which yields gap
renormalization ∝ c2/3 (21). Under further u decreas-
ing beyond the threshold value in the resonant scatter-
ing regime system DOS is highly nontrivial, having the
form of overlapped band DOS and semi-circle for local-
ized on impurities states (see Fig. 3). Finally, at large
negative u semi-circle for isolated impurity levels is well
separated from the band DOS which, however, is char-
acterized by positive correction to the gap (26) due to
some sort of repulsion between this two parts of the sys-
tem DOS. Furthermore, our theory successfully describes
the boundary between the latter two regimes.
We show the applicability of the present theory
for gapped phases of quantum magnets by successful
quantitative description of the gap renormalization in
Ba3−xSrxCr2O8 at x = 0.1 which was observed exper-
imentally in recent paper25 at x = 0.1. The developed
theory can be also applied for analysis of experimental
data on other types of quantum magnets with bond dis-
order.
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Appendix A: SCTMA equation solutions
Here we present exact solutions of SCTMA equa-
tion (18) using Cardano’s formula. All the discussed in
Sec. III results can be obtained using the formulas below.
However, one should be accurate and check whether con-
sidered solution at given x is physical or spurious. For
physical solution the following equality should hold in the
corresponding frequency region:
√
t+ x = b− c˜
t
. (A1)
In order to make formulas for Eq. (18) solutions simpler
we introduce
x˜ = x− b2, (A2)
β = x˜2 − 6bc˜, (A3)
γ = 27c˜2 + 18bc˜x˜− 2x˜3. (A4)
Then, all three solutions of Eq. (18) can be written as
t = − x˜
3
− (−1)
1/321/3β
3
(
γ +
√
γ2 − 4β3
)1/3−
(
γ +
√
γ2 − 4β3
)1/3
(−1)1/321/33 ,
(A5)
where (−1)1/3 = −1, (1+ i√3)/2, (1− i√3)/2, each value
should be taken simultaneously in both second and third
term of this equation. Other cube roots should be taken
for the branch (−1)1/3 = −1.
Next, it can be shown that points dividing zero and
nonzero DOS regions (one of them corresponds to the
renormalized band gap) satisfy the condition
γ2 = 4β3. (A6)
It can be also solved as a cubic one after some transfor-
mations. Denoting
ξ = 8b6 − 540b3c˜− 729c˜2 +
√
27c˜(27c˜− 8b3)3, (A7)
one can write solutions for x as follows:
x =
2b2
3
− (−1)
1/32b(b3 + 27bc˜)
3ξ1/3
− ξ
1/3
(−1)1/36 , (A8)
notation is the same with Eq. (A5). From this solu-
tion important curve in (c˜, b)-parameters space arises,
b = 3c˜1/3/2. Mathematically, it divides regions with one
and three real solutions for (A8). Physically it determines
either DOS of the band and localized on impurities states
are overlapped (one real solution, b < 3c˜1/3/2) or sepa-
rated from each other (three real solutions, b > 3c˜1/3/2).
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